The full U-duality symmetry of toroidally compactified M-theory can only be displayed by allowing non-rectangular tori with expectation values of the gauge fields.
Introduction
It was suggested that toroidal compactification of M-theory [1] in the infinite momentum frame is described by a Matrix gauge theory on the T-dual torus [2, 3, 4] . This gauge theory ought to reduce to Supersymmetric Yang-Mills (SYM) theory with 16 supercharges for up to three compact directions. When more directions are compactified, several suggestions have been made on how to supplement SYM with new degrees of freedom at short distances, still avoiding the coupling to gravity [5, 6] . Non-perturbative dualities of this supersymmetric gauge theory, together with the mapping class group of the torus on which the gauge theory lives, account for the U-dualities [7] of the corresponding maximally supersymmetric type II theories. For instance, the U-duality groups Sl(2, Z Z) ×Sl(3, Z Z) of M-theory compactified on a three-torus (type II compactified on a two-torus) correspond to the electric-magnetic duality of SYM in 1+3 dimensions and the reparametrizations of the dual three-torus respectively [4] (see [8] for a relation of this duality to the membrane-fivebrane duality).
For higher dimensional compactifications, it has been shown that the electric-magnetic duality Z Z 2 on the T 3 ⊂ T d fibres, together with the permutations S d of the torus directions, generates a finite group, the Weyl group W(E d ) = Z Z 2 ⋉ S d of the Cremmer-Julia hidden symmetry E d (IR) [9] . This Weyl group is the subgroup of U-duality preserving the rectangular shape of the torus and the vanishing expectation value of the M-theory gauge three-form C IJK . The U-duality group includes Sl(d, Z Z)⋉SO(d−1, d−1, Z Z), corresponding to the mapping class group of the M-theory compactification together with the perturbative string T-duality. In the following, we shall refer to this semi-direct product as E d (Z Z).
In particular, it contains elements shifting the three-form potential C IJK by an integer, or acting as modular transformations on the torus. The U-duality can therefore only be fully displayed by allowing such skew tori with arbitrary uniform value of the gauge potential.
In Section 2, we will extend the analysis of Ref. [9] to determine U-duality invariant mass formulae for the 1/2 BPS states of M-theory compactified on general tori with non-vanishing gauge background. We will point out the relevance of these results for the computation of instanton corrections to string theory couplings.
The Matrix gauge theory corresponding to compactification on skew tori is simply a supersymmetric gauge theory defined on the dual skew tori. As already proposed in Ref.
[10], the expectation value of the gauge potential on the other hand turns into a set of topological couplings on the dual torus. In the particular example of M-theory on a threetorus, this is simply the theta-angle θ = C 123 , which extends the electric-magnetic duality from Z Z 2 to Sl(2, Z Z). These couplings have, however, been inferred rather than derived and a recent argument [11, 12] allows a more systematic derivation from the D-brane action, at least for M-theory backgrounds corresponding to Ramond-Ramond (RR) potentials in the type IIA string description. In Section 3, we will translate the M-theory mass formula into the Matrix gauge theory language and show the agreement with the coupling derived from the D-brane analysis.
M(atrix) theory still lacks a proof of eleven-dimensional Lorentz covariance to shorten its name to M-theory. In the original conjecture [2] , this feature was credited to the large-N infinite-momentum limit. The much stronger Discrete Light Cone (DLC) conjecture [13] , if correct, allows Lorentz invariance to be checked at finite N -or rather at finite N's, since the non-manifest Lorentz generators mix distinct N superselection sectors. In particular, M(atrix) theory on T d in the DLC should exhibit a U-duality E d+1 (Z Z), if one assumes that U-duality is unaffected by light-like compactifications. In Section 4, we shall show that the promotion of the rank N to an ordinary charge [14] allows the existence of an E d+1 (Z Z) action on the spectrum of BPS states. Related results have been obtained in Refs. [22, 23, 24, 25, 26] .
M-theory BPS states and Invariant Mass Formulae
The authors of Ref. [9] have investigated the W(E d ) orbits of two BPS states that are required to exist in the Matrix gauge theory reducing to SYM in the infrared 1 : the quantum of flux, with energy P
I /(NV s ), and the quantum of momentum, with energy P − M = 1/s I . From the M-theory point of view, they correspond to a Kaluza-Klein excitation with mass M F = √ P + P − = 1/R I , and to a membrane wrapped on a circle of the torus times the light-cone direction, yielding a particle with mass M M = R l R I /l 3 p . The generalization to skew tori is immediate:
Here m I describes the KK momentum, while n I labels the cycle of T d on which the membrane wraps. In the following, we shall describe how these mass formulae can be extended to include all states of these two U-duality multiplets and the dependence on all M-theory moduli.
The flux multiplet
Under electric-magnetic duality on three of the directions of the Yang-Mills torus, it has been shown that the flux quantum turns into a set of states with masses charges labelling superposition of these states can therefore be cast into integer tensors 1 We only deviate from the notations used in Ref. [9] in that the light-cone compact radius R 11 is now R l ; l p is therefore the eleven-dimensional Planck length, R I the radii of the compactification torus, s I the radii of the gauge theory torus, V s its volume, g the gauge coupling. tion of a given charge tensor to the total square mass is simply given by its square norm induced by the torus metric g IJ , with the appropriate symmetry factor and power of l p :
As it stands, the mass formula is invariant under
T-duality. The previous equality holds only when the background gauge field vanishes. In order to reinstate the dependence on C IJK , we decompose the flux multiplet as a sum of T-duality irreducible representations, and include the correct coupling to the NS two-form B ij . One may go to string variables by choosing a direction s ∈ {1, . . . , d} on T d , and
s . The mass formula becomes:
where we retained only the powers of the string coupling and the index structure. T-duality commutes with the grading in powers of g s , so we learn that the flux multiplet decomposes as a sum of five representations: 
The irrep S B on the other hand already arose in Ref. [18] as the set of type IIB D-brane charges. It is well known that the type II RR gauge fields transform as a spinorial repre-
, the Clifford algebra being generated by inner and wedge products with the torus first cohomology, and the chirality depending on the type A or B [18] . The corresponding charges therefore transform as a (conjugate) spinor, hence the notation S B . Note that this does not imply that the states in S B correspond to the D-branes of M-theory, but simply that they transform in the same way. The T-duality invariant mass formula comes as a by-product of the analysis of Ref. [18] :
In the above equation, we have again dropped the metric contractions and the powers of l s . The dots include the higher even forms arising in the reduction of the spinor of with chirality opposite to S B :
while V ′ reduces to a representation V after dualizing the 6 and 7 indices.
we obtain the flux multiplet mass formula for vanishing values of the RR fields. This formula is only invariant under T-duality. Invariance under Sl(d, Z Z) can be restored by promoting B ij to the M-theory gauge three-form C sij and allowing
, one should also allow expectation values of the six-form E IJKLM N Poincaré-dual to C IJK in eleven dimensions. In the string theory language, it corresponds to the RR five-form E s5 together with the NS six-form dual to B µν in ten dimensions. For d = 8, the eight KK gauge fields g µI in three space-time dimensions are dual to eight scalars K I , which, together with g IJ , C 3 and E 6 , span the E 8 /SO(16) scalar manifold. K I may alternatively be thought of as the form K 1;8 . K s;s7 is then nothing but the expectation value of the RR seven-form on the string theory seven-torus. The dependence on the moduli E s5 and K s;s7 is obtained by T-duality from the C 3 dependence, and that on E 6 and K 1;8 by Sl(d, Z Z) invariance. Altogether, the mass formula taking all expectation values into account reads: where the correct combinatoric factors and l p factors are easily restored. The dependence on the moduli C 3 , E 6 , K 1;8 appears through shifts in the charges: where we used a short-hand notation for the contractions 2 . This formula is written for the maximally compactified d = 8 case, and is invariant under E 8 (Z Z). The formula is still valid for d < 8, since all forms with more than d antisymmetric indices can be dropped.
As an illustration of the T-duality invariance, we display the shift in the T-duality singlet charge m s;7 implied by the above equation:
This is precisely the invariant contraction of the charge spinor representation S A with the spinor representation made up by the RR moduli. Indeed, to see that (A, C + AB, E + CB + AB 2 , K + EB + CB 2 + AB 3 ) transforms as a spinor multiplet, one needs simply to remember that these are the combinations that appear in the expansion of the T-invariant D-brane coupling e B+F R in powers of F .
With the mass formula at hand, we can now discuss the interpretation of the various m charges defining a state in the flux multiplet; m I describes a KK mode with momentum m I along the I-th direction of the transverse torus, m IJ an M-theory membrane wrapped on a two-cycle of the same torus, and m IJKLM an M-theory five-brane wrapped on a fivecycle. The interpretation of the other charges is less obvious, as they seem to allow two 2 As an example, m 1;7 +C 3 C 3 m 6;8 should be read m
(or more) of the world-volume directions to be wrapped on the same target space cycle.
Note, however, that it is not guaranteed that there exists a well-defined theory (beyond the defining string theory) for d ≥ 6. As in Ref. [9] we draw consequences from symmetry arguments in the hope that dynamical issues will be resolved.
The momentum multiplet
Having obtained the full U-duality invariant mass formula for the flux multiplet, we now briefly discuss the case of the momentum multiplet. As shown in Ref. [9] , applying Uduality on a state of mass M = R l R I /l 3 p generates masses
The dots stand for many extra contributions occurring when d ≥ 8. For simplicity, we shall restrict ourselves to d ≤ 7. The integer charges corresponding to these states can be written as a set of integer forms n 1 , n 4 , n 1;6 , n 3,7 and n 6,7 . Decomposing these representations according to the g 2 s grading as in Eq. (2.3), we find that they combine under T-duality as S = (n s ) , S A = (n 1 , n s3 , n s;s5 ) , AS = (n 4 , n s;6 , n 1;s5 , n s2;s6 ), 
where the shifted charges are given bỹ
+ C 3 n 1;6 + (E 6 + C 3 C 3 ) n 3;7 n 1;6 = n 1;6 + C 3 n 3;7 + (E 6 + C 3 C 3 ) n 6;7 n 3;7 = n 3;7 + C 3 n 6;7 n 6;7 = n 6;7 (2.12)
As the overall factor R 2 l in Eq. (2.11) shows, the momentum multiplet describes extended objects with one world-volume direction wrapped on the longitudinal (light-like) circle.
States with n I charge correspond to membranes wrapped on R l and a transverse radius R I , and states with n IJKL charge correspond to five-branes wrapped on four transverse directions besides the longitudinal direction. The other charge forms are still not understood.
Solitons and instantons
As an illustration of the momentum multiplet mass formula, we display the d ≤ 5 case, where only n 1 and n 4 contribute:
This is precisely the U-duality invariant quantity obtained in the study of instanton corrections to R 4 couplings in type II theories [19, 18] , where it was found that in order to obtain an E 6 (Z Z)-invariant result, one should include, in addition to the D0-branes (described by n 1 ) and the D2-branes (described by n s3 ), extra states with a four-form charge n 4 [18] 3 .
It was further noticed that these states would give e −1/g 2 s effects, which came as a surprise 3 The charge n s in Ref. [18] was associated to the integer dual (in the sense of Poisson resummation) to the number of D-branes bound together.
since T 4 compactifications of type II string do not seem to allow for NS five-brane instantons. In the present framework, n 1 and n 4 naturally appear as membranes and five-branes wrapped on the longitudinal direction in addition to one or four transverse directions, giving solitons in the remaining six-dimensional theory. One should therefore think of the non-perturbative threshold obtained in Ref. [18] as a sum of soliton loops rather than of instanton effects. This conclusion should however be taken with care, since we have not been able to show that the SO(5, 5, Z Z) Eisenstein series obtained from Eq. (2.13) contains the correct one-loop R 4 coupling.
Spectral flow and E d (Z Z) symmetry
The work in Ref. [9] exhibited the action of the finite Weyl group of E d on the BPS states of M-theory. The generators needed to enhance
Teichmüller transformations γ I → γ I + γ J on the cycles γ I of the compactification torus, together with the spectral flows corresponding to integer shifts of the gauge potentials C 3 , E 6 , K 1;8 . These two sets of generators are actually conjugated under T-duality, since a skew torus turns into a torus with non-vanishing B ij field under T-duality. The spectral flow generated by an integer shift B ij → B ij + ∆B ij is more involved than expected due to the non-standard T-duality representations arising, but follows straightforwardly from the More generally, the spectral flow generated by ∆C IJK → C IJK + ∆C IJK simply follows from the flux and momentum multiplet mass formulae: where, for simplicity, we restricted ourselves to d ≤ 7. In particular, this makes it obvious that the charges cannot be restricted to positive integers. Similar spectral flows can be written for E 6 and K 1;8 shifts.
T-duality invariant mass formulae (2.4)-(2.7). For example, in the spinor representation
m 1 → m 1 + ∆C 3 m 2 n 1 → n 1 + ∆C 3 n 4 m 2 → m 2 +
Gauge backgrounds in Matrix theory
Gauge backgrounds of M-theory should have a counterpart as couplings in the Matrix gauge theory. In this Section, we will translate the mass formulae of the M-theory BPS states obtained in the previous Section into the gauge theory language, and show that they arise from topological couplings in the gauge theory. We will determine these couplings from D-brane analysis.
BPS states of Matrix gauge theory
As already emphasized in Ref. [9] , the translation from the M-theory mass to the light-cone energy, equated to the energy in the Yang-Mills theory, differs for the flux and momentum multiplets. The general formula for bound states of flux and momenta states (i.e. having non zero values of both the m and n charges) reads
where M F and M M are the masses of the flux and momentum multiplet given in (2.8) and (2.11) respectively, and P + = N/R l is the quantized light-cone momentum. Expressing (l p , R s , g IJ ) in terms of the Yang-Mills parameters (g 2 ,g IJ ), and restricting for simplicity to d ≤ 7, we obtain: When d = 4, an extra charge n 4 appears in the momentum contribution, which can be interpreted as the momentum along a (dynamically generated) fifth dimension of radius g 2 [5] . We can indeed rewrite Eq. (3.2) in a U-duality (Sl(5, Z Z))-invariant way as . This agrees nicely with the scale invariance of the conjectured 1+5-dimensional gauge theory [5] .
D-brane gauge couplings and Matrix theory
The Matrix theory prescription for M-theory compactifications may be recovered by viewing the DLC light-like compactification as an infinitely boosted space-like compactification described by weakly coupled type IIA string theory 4 . The Matrix gauge theory is then identified as the gauge theory on the world-volume of the Dd brane, obtained by a maximal T-duality from the N D0-branes [11, 12] . Whereas so far the prescription was only applied for compactifications with vanishing gauge field expectation values, one may extend this argument to find the couplings that these VEVs induce in the gauge theory, from the well-known gauge couplings of D-branes.
The Dd-brane T-dual to the N D0-brane interacts with the RR fields through a topological Wess-Zumino term [15] S RR = dt
whereT d is the dual torus and the integral picks up the contribution of d + 1 forms in the integrand. F is the U(N) field strength and R = p R (p) is the total RR potential.
The symmetrized trace is taken in the adjoint representation of U(N) and will be omitted henceforth. B is the NS two-form in the Abelian diagonal group of U(N) that would be generated under T-duality if one were considering M-theory with a background value of C −IJ , where the minus sign denotes the compact light-cone coordinate. This case has been addressed recently in Ref. [22] and seems to require drastic changes in the compactification prescription. We will therefore restrict our attention to B = 0, in which case the metric on the dual torus is the inverse of the M-theory metric.
For d ≤ 8, the topological coupling truncates to
, (3.6)
where we have omitted the wedge products for notational simplicity. The fields R (p) are pulled back from the target space onto the Dd-brane world volume, with the embedding coordinates X µ (σ). We will work in the static gauge in which the target space coordinates of the torus coincide with the world-volume coordinates of the D-brane.
The fields R (p) are related by a T-duality, on the d spatial directions of the Dd-brane world volume, to the RR fields in the original D0-brane picture. The action of this maximal T-duality on a q ≤ d + 1 RR form is
where we have distinguished two cases, depending on whether or not the RR field has a component in the time direction or not. Ignoring for a moment the transverse fluctuations around the Dd-brane background, the Matrix model action in the D0-brane picture is:
0ijklmnrs , where R (1) = A is the type IIA RR one-form, R (3) = C is the RR three-form, etc. The time component A 0 can be gauge transformed to zero since the time coordinate is non-compact.
The type IIA gauge fields arise under reduction of the M-theory metric and (dual) gauge fields on the space-like radius of radius R s , as discussed below Eq. (2.7). After a large boost of rapidity β = 1 − (R s /R l ) 2 , this circle becomes quasi-lightlike and the metric takes the
We can therefore identify A i with g +I /R 2 l , where we promoted the string theory spatial index i to the M-theory transverse direction I. At the same time, C ijk is identified with the M-theory transverse three-form C IJK , whereas the NS two-form B ij would turn into C −IJ , as already anticipated at the beginning of this section. R (5) 0ijkl turns into E −+IJKL , while R (7) ijklmnp and R (7) 0ijklmn become the components K −;−IJKLM N P and K −;−+IJKLM N of the Mtheory K 1;8 form in the DLC. The nine-form R (9) is associated to a type IIA cosmological constant term and will be discarded below.
Using these identifications we may then immediately read off the coupling of the supersymmetric gauge theory to the M-theory backgrounds:
The only term involving an eleven-dimensional Lorentz scalar, and therefore a genuine modulus of M-theory compactification, is the third term. As a consequence we find that the expectation value of the three-form induces the following topological coupling in the Matrix gauge theory : 11) as inferred from the gauge theory energy (3.3) . This also agrees with the conjecture in Ref. [10] . Some of the remaining terms in Eq. (3.10) were observed in Ref. [22] and in the supermembrane context [26] . 5 The coordinates x − and x i=1...d are compact variables with radius R l and 1 respectively, while x + and the spacetime coordinates x µ are non compact. 6 As we noted below Eq. We next turn to the possible effects of terms containing transverse fluctuations on the Dd-brane. These will arise through the expansion of the q-forms,
For any non-zero value of p, these couplings will always involve forms with at least one component in the spacetime directions, transverse to the brane. Since the maximal Tduality does not affect the transverse space, the dual RR forms still involve transverse indices. Consequently, such terms cannot generate couplings of the M-theory moduli to the gauge theory.
This reasoning does not touch upon the couplings of the E 6 , K 1;8 moduli (related to 
Nahm-type duality and eleven-dimensional Lorentz invariance
In the last two Sections, we discussed the occurence of the E d (Z Z) U-duality symmetry both from the point of view of M-theory and its Matrix gauge theory DLCQ description.
However, eleven-dimensional Lorentz invariance implies that this symmetry should extend
to an E d+1 (Z Z) action on the M-theory BPS spectrum, to which we now turn.
As already noticed in Ref. [9] , many of the states of the flux multiplet, describing various branes wrapped on k transverse directions, have a counterpart in the momentum multiplet as the same brane wrapping k −1 transverse directions and the IMF (or light-cone) compact direction. Indeed, comparing the two mass formulae (2.8) and (2.11), we see that we can interpret the E d (Z Z) flux m and momentum n charges as charges of a flux multiplet M of E d+1 (Z Z): 
should be accompanied by
and, when d = 7, by two extra singlets
The charges in Eq. (4.3) label a new U-duality multiplet that transforms as a 56 of E 7 (Z Z) (as is easily seen by dualizing the 6 and 7 indices to N 2 , N 1 , N 5 , N 1;7 ). For d = 6, it simply reduces to a singlet of E 6 (Z Z). We shall hereafter refer to these new charges and N as forming the (reducible) rank multiplet. The dimension of the three U-duality multiplets for 
the case of a rectangular torus), and a Borel generator, corresponding to the spectral flow C lJK → C lJK + 1 for some directions J, K on the torus.
(i) As is obvious from the derivation in Sec. 2.2 of Ref. [9] , the addition of the Weyl transformation R l ↔ R I to the Weyl group of E d enhances the latter to W(E d+1 ). Note in particular that for d = 8, this is the (infinite) Weyl group of the affine Lie algebra E 9 , which implies the appearance of an infinite set of multiplets in addition to the flux, momentum and rank multiplet of E 8 (Z Z); for d = 9, this is the Weyl group of the hyperbolic algebra E 10 .
We shall refrain from diving in these waters and restrict to d In particular, the rank N of the gauge group is exchanged with the electric flux m I , whereas the momenta are exchanged with magnetic fluxes. This is reminiscent of Nahm duality, relating (at the classical level) a U(N) gauge theory on T 2 with background flux m to a U(m) gauge theory on the dual torus with background flux N [21] . There is, however, no proof at this stage that this duality survives quantum corrections and dimensional oxydation. This may eventually be proved by a stringy argumentation.
(ii) The Borel generator C lJK → C lJK + ∆C lJK is obtained from the usual E d (Z Z) shifts by conjugation under Nahm-type duality. It is therefore not an independent generator, but still gives a spectral flow on the BPS spectrum: from the conjecture, made in Ref. [22] , that the Yang-Mills theory should be replaced, in the presence of a background value for C lIJ , by a gauge theory on a non-commutative torus. Rather than being a liability, this may actually turn into an asset by carrying the non-commutative geometry constructions into the quantum realm.
